1. Introduction. In this paper we propose to continue the study begun by Bompiani,f Lane, and others of curves and surfaces in the neighborhood of a singularity. The curves and surfaces previously studied possessed a tangent line or plane at the singularity. We shall discuss from a projective point of view the geometry of a surface in the neighborhood of a singularity we have called a spine by making use of certain osculants of a plane curve at a cusp.
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We shall say that a point O on a surface S is a spine if it is a conical point such that the cone at the conical point degenerates into two planes. A spine may also be defined as a point O through which there exists a line t such that every nonspecialized plane section of S through / has an ordinary cusp at O with t as the cuspidal tangent.
Two cases arise according as the degenerate cone consists of distinct planes or coincident planes. In the first case, which we will call the nonparabolic case, the line t is unique and is the intersection of the distinct planes. We shall call the line t the spinal tangent. In the second case, which we shall call the parabolic case, the line / is any line in the pair of coincident planes. We shall call / a spinal tangent, and shall call such a spine O a spine of the parabolic type.
In § §3 and 4 we derive the equations of certain osculating curves of a curve at a cusp. In particular, we define order of contact of an algebraic curve with a given curve at its cusp.
In §2 we derive a simple form of the equation of a surface S with a spine at O in the nonparabolic case, and then use the osculants for a curve at a cusp to study the surface
In the last section we briefly discuss the surface in the neighborhood of a spine of the parabolic type.
2. The canonical form of the equation of 5. Let the surface 5 have a spine of the nonparabolic type at 0. Let the nonhomogeneous projective co-ordinates of a point P be (x, y, z) . If the planes y = 0, z = 0 be chosen as the distinct planes of which the degenerate cone consists, and the point (0, 0, 0) be chosen at the spine, we may write the equation of the surface in the form We shall call the tetrahedron of reference giving rise to the equation (2) the canonical tetrahedron. Every coefficient appearing in (2) is an absolute invariant of S at O.
We find it convenient to introduce homogeneous projective coordinates by the formulas Xi Xt x3 £ = -i n = -> f =-3. Canonical form of the equation of a curve with a cusp. In this section we shall derive a canonical form of the equation of a curve with a cusp, and define certain osculating curves of the curve. We find these osculants useful in discussing a surface in the neighborhood of a spine.
Let (£, tj) be the nonhomogeneous projective coordinates of a point P in a plane. Let the point (0, 0) be chosen at the cusp O of the curve C, and let the side r? = 0 of the triangle of reference be the cuspidal tangent of C at 0. By proper choice of the side £ = 0, the equation of the curve C may be written in the form 7/2 = £*3o£3 + ai2£v2 + <*03V3 + <*4o£4 + a31£3ri + a22£2rj2 + ai3^3 + aofl4 (4) + an? + «41^ + «32ÉV + «I.ÇV + «14&4 + «W H-, «30 ^ 0.
If on the equation (4) 
we reduce (4) to the following canonical form y2 = x3 + ai2xy2 + a03:y3 -ai2*4 -aa3x3y + a22*2:y2 + ai3xy3 + a04V4 + ab0x6 + anx4y + a32*3:y2 + a23*2:y3 + auxy* + a0Sy6 + • * • , wherein a22+a60 = ai3+a4i?i0. We shall speak of the triangle giving rise to the canonical form (7) as the canonical triangle. From the canonical form (7) we derive the equations of C in the simple parametric form The transformation of coordinates between the triangle of reference for the equation of the curve C in the form (4) to the canonical triangle may be written in the form rx sy (9) S-1 + prx + qsy 1 + prx + qsy wherein p, q, r, s are defined by the formulas (6). The inverse of transformation (9) is
We shall find it convenient to introduce homogeneous projective coordinates by the formulas X\ x2 x3 x3
4. Osculating curves of a curve at a cusp. Let AnP1 be an algebraic curve of order n, with a multiple point of order p+2 at the cusp O of C, two of whose multiple point tangents coincide with the cuspidal tangent y = 0 of C at 0, and the remaining p of whose tangents do not so coincide with y = 0. Let the number of points of intersection of AnVA with C coinciding at O be denoted by N. We shall say that Anvl has ç-point contact or (q -l)-order contact with C at O if q = N -2p -4.
In the language of Bompiani we shall say that the curve A" q represents the neighborhood of the (q-l)st order of C at O, and shall call Anpq an osculating curve of C at 0.
Writing the most general equation of a cubic with a cusp at O, and demanding that the power series resulting by the substitution of (8) into that equation shall lack terms in tk, (k = 0, 1, 2, 3, 4, 5), we find the equation of the osculating cubic Alfi to be (11) y2 = x3.
The equation of the osculating cubic gives a simple geometrical characterization of the canonical triangle. The vertex 02 (0,1, 0) is the inflexion point of the cubic; the side x3 = 0 is the inflexion tangent.
The neighborhoods of C at O of the sixth and seventh orders may be represented by the respective curveŝ 0.7: y2 = x3 + (a2t + aio)x2y2; 4 Ai,*. y2(x -y) = x4 -x3y + (a22 + aM)yi-
The unit point of the canonical triangle of reference is the intersection of the triple point tangent y = x of A\8 with the osculating cubic A\fi. 5. Sections of the surface S through the spinal tangent. We now shall use the results of the previous sections in a discussion of a surface in the neighborhood of a spine of the nonparabolic type.
The plane which is given by The second of equations (13) is of the same form as (4). Hence we may derive the equations of the loci associated with the various neighborhoods of the sections of 5 through the spinal tangent by the use of the transformations (9) and (10).
By this method we find that the equations of the osculating cubic of the section C by the plane (12) are (15) Ç = mv, mv2 = ? -(A3a + Ao3m2)h2 + (A3o + A03m3)r,3.
The locus of the osculating cubic (15) is a cubic surface whose equation is (16) »tf = e -OW + ^03f2)£ + 04301?3 + -4o3f3)-
We shall call this cubic surface the osculating cubic surface of 5 at O. The osculating cubic surface of course has a spine at O. We note from the form of equations (15) that the points of inflexion of all of the osculating cubics of the sections of S through the spinal tangent lie in a plane. This plane is the face £ = 0 of the canonical tetrahedron. The locus of the inflexion points of the osculating cubics is therefore a plane cubic whose equations are (17) £ = 0, 7,f = A3ov3 + A03Ç3.
Equations (17) furnish another interpretation of the edges £ = r/ = 0, £ = f = 0 of the canonical tetrahedron. The inflexion points of the cubic (17) lie on the edge Xi=Xt = 0 of the canonical tetrahedron.
The inflexion tangent of the osculating cubic (15) intersects the spinal tangent in the point (18) KO, 0, -¿so -Ao3m2).
There is established therefore a (1, 2) correspondence between the points on the spinal tangent and the planes through the spinal tangent. The vertex Oi 
(A to + A03m2)Z + (¿30 + A03m3)r¡ + m = 0.
The locus of this inflexional tangent is the cubic ruled surface (21) intersects the face Xi = 0 of the canonical tetrahedron in a cubic curve which has a double point at 0\, and whose inflexions lie on the line xi=#4 = 0. Loci associated with other algebraic curves representing neighborhoods of higher order could be considered, but we shall carry this discussion no further.
6. The parabolic case. In this section we discuss briefly the geometry of a surface in the neighborhood of a spine of the parabolic type.
By proper choice of the tetrahedron of reference the equation of a surface possessing such a spine may be written in the form (26) r,2 = e-A03^-V-t).
The inflexional tangent of the curve (25) intersects the line ij = f = 0 in a point whose homogeneous coordinates are (1, 0, 0, -¿03w2). As in the nonparabolic case, there is thus established a (1, 2) correspondence between the points on r¡ = C = 0 and the planes through that spinal tangent. The point Oi (1, 0, 0, 0) ii the only point on the line to which correspond identical planes. Moreover the planes corresponding to the points on 77 = f = 0 are paired in involution ; the double planes of the involution are the planes 77 = 0, f = 0.
The line £ = £ = () intersects the surface (26) 
